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ABSTRACT: In a series of two papers, we study the onset of entanglements and the transition fromRouse-type
to reptation dynamics, in the context of dissipative particle dynamics (DPD) simulations of a coarse-grained
polymer melt. A set of monodisperse systems with increasing chain length is examined. We consider both static
and dynamic aspects of the problem. Part I, this paper, dealswith the continuous change of the polymer topology,
from unentangled (short chains), to entangled (long chains). We show that as chain length increases the rate of
increase of chain overlap increases asymptotically. It becomes constant when chains are sufficiently long, and in
this regime a long chain topology is established. Next, we examine the onset by probing static length scales at the
level of primitive paths (PPs). A simple scaling model based on a transformation of PPs from thin rods (short
chains) to random walks (RWs) (long chains) is discussed qualitatively and quantitatively. The model predicts a
crossover in the underlying topology, which leads to a Rouse to reptation transition in dynamics when PP
conformations change from rods to to RWs. The entanglement molecular weight is interpreted as the crossover
length of this transition. The predictedMc/Me ratio is one,which, though small, is compatiblewith packing length
independence and the suppression of contour length fluctuations within the model. Part II, the following paper
(DOI 10.1021/ma9011329), deals with dynamic aspects of the onset of entanglements, making possible a
comparison between static and dynamic length scales.

1. Introduction

It is well-known that above the glass-transition temperature (Tg)
any flexible polymer, as chain length increases, transforms from
a short chain unentangled liquid to a long chain entangled melt,
which can support stress.Dynamics and rheology of the system also
change fromRouse type to reptation type.1,2At themolecular level,
this dynamical and rheological ‘transition’ is due to a gradual
increase of chain overlap which leads to chain entanglement.

In a series of two papers, we study the transition from a Rouse-
like behavior to the reptation regime. The present paper, fromnow
oncalledpart I, is dedicated to the static, structural and topological
analysis of the entanglement network, with a particular emphasis
on the transition region. The following paper, from now on called
part II,3 examines the transition from a dynamical point of view,
using both a local and global dynamical analysis. Using these two
approaches, it is possible to compare the evolution of static
measures of topology with corresponding dynamic length scales,
as chain length increases. As far as we know, such a comparison
has not been presented previously in the literature.

Generation and relaxation of entangled polymer models, at a
molecular level, gives rise to excessively high demands in simula-
tion time, due to the long relaxation times induced by entangle-
ments.4 In order to reduce the computational effort, coarse-
grained models, in which several atoms are represented by a single
particle,5,6 may be used. Although coarse-grained models leave
out many chemical details of the real system, structural and dy-
namical aspects can still be examined. The system studied here is a
coarse grained polyethylene-like (PE) model based on the work7

by Guerrault et al., with some force-field enhancements (see
part II3). The level of coarse-graining is such that excluded
volume interactions are softened5,8 and chain crossing is possible.

In order to prevent chain crossing and recover an entangled
behavior in the limit of long chains, a specific segmental repulsion
potential has been included. The coarse-graining procedure and
the strategy followed in order to maintain chain uncrossability
are presented in detail in part II.3 The dynamics is generated using
the dissipative particle dynamics (DPD) method. This type of
stochastic dynamics, with pairwise conservative, dissipative (fric-
tion) and random forces, takes full advantage of the soft nature of
the particles. FromDPD simulations, we extract local dynamical
length scales by using Rouse mode analysis, and global dynami-
cal length scales by examining the self-diffusion coefficient, the
end-to-end distance relaxation time, the shear relaxation modu-
lus and the viscosity. Since the uncrossability constraint intro-
duced in ourmodel is responsible for the dynamical transition,we
believe that our results and conclusions are fairly general.

Part I is concerned with the topological analysis (TA) of
configurations generated along the DPD trajectories. TA9-13 is
able to provide the static length scales of a network of topological
constraints (TCs) underlying the melt system. The network is
generated by coarse graining polymer chains to the level of primi-
tive paths (PPs). The latter are constructed using the CReTA
algorithm11which reduces chain conformations to corresponding
shortest paths in away envisaged byDoi andEdwards.2 A typical
length scale, the chain length between entanglements or, equiva-
lently, the entanglement massMe, can be extracted from the PPs.

PPs are promising intermediates in the multiscale modeling
of both linear and branched polymer chains in the entangled
state.13-18 Thus, it is very interesting to look into the onset of
entanglements at the PP level. As we discuss in the paper, in such
an approachwehave to treat the tube diameter andMe as varying
length scaleswhich have tobe defined for short chain systems too.
Their usual meaning is recovered in the long chain limit.

Initially, we will show that as chain length, N, increases, chain
overlap increases at an N-dependent rate which is different from
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the constant rate in the asymptotic long chain regime (large N).
The rate is controlled by theN-dependence of the contour length
density (or mass density F), and of the stiffness of the system (or
characteristic ratio CN), both of which increase withN until they
reach chain length independent values.

The increasing chain overlap leads to gradual changes in the
underlying system topology. At the level of PPs, these changes
can be described by a continuous structural transition of PP
conformations. The latter, as chain length increases, transform
from thin rods to random walks (RWs). The transition signifies
the onset of a long chain topology, characteristic of the system. It
takes place in a crossover N-regime between the rod regime,
where the PP lengthLpp(N) scales asLpp� (CNN)1/2, and theRW
regime where Lpp�N. Within our approach, the crossover chain
length corresponds to the entanglement length Ne.

We then present a simple scalingmodel based on an early work
of Doi.19 The model connects the crossover regime in dynamics
and rheology with the crossover regime in the variation of PP
length, Lpp(N). It leads to a continuous transition from Rouse-
type to strict-reptation dynamics, as a result of the rod to RW
transition of PP conformations. In part II,3 the model is com-
pared with simulation results on the diffusion coefficient, the
relaxation time of the end-to-end vector, and the viscosity.

2. Systems Studied

Eight systems of coarse-grained PE with the number of beads
per chain, N, varying from 6 to 40 as shown in Table 1, were
generated by the DPD method. Each bead represents the center
of mass of a C20H40 unit. Part II

3 describes in detail the bottom-
up approach utilized for deriving interaction potentials. To
prohibit chain crossing due to the softness of interactions in
DPD, an additional segmental repulsion potential (SRP) was
introduced between segments of different chains. The set of
parameters chosen for the SRP was such that binary chain
encounters lead to 2� 10-4 crossing events per time step (on the
average), and a dynamical behavior consistent with reptation
theory (see part II3).

The DPD simulations were performed in the canonical en-
semble (NVT), at a temperature of 450 K, and at the density of
long chain PE, F= 0.761 g/cm3. For each system a long enough
dynamical trajectory, which allows for dynamical renewal of the
underlying topology, has been analyzed. Simulation details
relevant to the topological analysis are presented in Table 1.
The reader should refer to part II3 for other system details.

3. Results

3.1. Stiffness, ContourLengthDensity andPackingLength.
Table 2 summarizes some structural features of each system
studied. We focus on quantities which are relevant to the
entanglement problem.

The ratio of the mean squared end-to-end distance, R2, to
the mean squared radius of gyration, Rg

2, is practically 6,
which is the expected value for ideal chains in a polymermelt.
The characteristic ratio is denoted as Cn, when calculated by

mapping chain dimensions to the original atomistic PE
systems, and as CN for the coarse systems, i.e.

CN ¼ R2

ðN-1Þlcg2
, Cn ¼ R2

nl2
ð1Þ

where n=20N-1 is the number of chemical bonds corres-
ponding to an atomistic PE chain, l = 1.54 Å is the average
PE skeletal bond length, and lcg = 12.1 Å is the root mean
squared bond length in the coarse systems (approximately
equal to the average bond length). Both ratios increase with
chain length and approach an asymptotic value, a behavior
characteristic20 of polymer melts. The asymptotic value of
Cn (see Table 2) is smaller21 than the characteristic ratio of
PE, C¥

PE ∼ 8, at T = 450 K, due to the SRP which
‘squeezes’ chain dimensions (because it was introduced
after parametrizing the coarse grained PE potential, see
part II3). For the coarse systems the largest part of chain
rigidity is hidden in the beads (blobs), and thus CN is much
smaller than Cn. The simplest dependence of CN on chain
length20 is of the form CN = C¥ þ A/(N - 1), where
C¥ is the asymptotic long chain value, and A is a constant.
A corresponding fit is shown in Figure 1a. Best fit values are
C¥ = 1.85, and A =-1.12.

In Table 2 and in Figure 1b we also present the contour
length density,

ν ¼ NchL

V
¼ 1

w2
ð2Þ

whereNch is the number of chains, andL is the average chain
contour length. The inverse of ν corresponds to an average
chain cross-sectional area w2 (assuming homogeneous melt
density), and thus w corresponds to the average distance
between chain contours. As chains become longer, ν in-
creases and approaches an asymptotic value. For very long
chains ν is proportional to the bead density, which for our
systems is constant. The chain length dependence of ν is an
artificial chain-end effect of the coarse-graining procedure,
which will be discussed in the next section. For this reason,
and for all purposes of this study, the contour length density
should be conceived as the mass density of the system.

The packing length, p, has gained attention22-25 as a
structural parameter capturing the influence of structure
on melt rheology. It is defined as p = Vch/R

2, where Vch is
the average volume per chain. Experimentally, it has been
found22 that a scaling of the form Me � Fp3 shows a good
correlation with a very large number of entangled polymers.
The packing length can also be defined as

p ¼ w2

b
¼ 1

νb
ð3Þ

where it is expressed as a combination of the two inde-
pendent length scales, which according to Graessley and

Table 1. Number of Beads per Chain,N, Number of Chains,Nch, Time
Step, δt, End-to-End Vector Decorrelation Time, τ, and Number of

Frames, Nfr, in the DPD Trajectories of the Systems Studied

N Nch δt (ns) τ (ns) Nfr

6 100 0.01 0.59 1200
8 100 0.02 1.09 1000
10 100 0.04 2.15 1000
12 100 0.06 3.16 1000
15 90 0.1 5.81 1000
20 80 0.2 11.9 1000
30 80 0.5 44.2 1200
40 80 1.0 87.8 800

Table 2. Structural Features of Systems Studied
a

N CN Cn R2/Rg
2 ν (nm-2) p (Å) f

6 1.63 4.28 5.77 1.67 3.02 0.94
8 1.68 4.60 5.87 1.75 2.81 1.01

10 1.73 4.84 5.94 1.79 2.66 1.07
12 1.76 4.99 5.97 1.83 2.58 1.12
15 1.77 5.11 5.99 1.86 2.52 1.18
20 1.82 5.31 6.00 1.89 2.42 1.26
30 1.83 5.43 5.99 1.92 2.36 1.36
40 1.79 5.36 5.95 1.94 2.39 1.43

a See text for an explanation.
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Edwards26,27 rule the entanglement problem: the average
distance w between chain contours (controlled by density),
and the Kuhn length, b, which is a measure of stiffness and is
proportional to CN.

25

It is interesting to examine what is the effect of the
variation of these length scales on p as chain length increases.
From Table 2, we see that the packing length gradually
decreases with increasing N before reaching a limiting long
chain value, the one that is related with Me. This decay is
expected to be characteristic of all polymer melts, since, in
general, both the stiffness and the mass density increase
before becoming N-independent, in the transition from a
short to long chain system. Our system follows this general
behavior, and is thus suitable for studies related with the
onset of entanglement effects.

3.2. Chain End Concentration and Coarse Graining Effects.
Although all systems are prepared at a constant F (or bead
number density), ν is not constant, but increases as chain
length increases. This effect is exaggerated here due to
the application of the blob picture5,7,28 as a simulation
scheme, by utilizing the NVT ensemble. In this proce-
dure, since the beads (blobs) are point-like particles located
at the center of mass of a backbone sequence, a certain
“length” from the ends of the atomistic chain cannot be
represented at the coarse level.29 On the other hand, by
preparing the coarse systems at the density of PE, the
volume is adjusted to the full contour length of the atomistic
systems. Since as N increases chain end concentration de-
creases, then, at the coarse level, the “missing” length from
chain ends leads to a gradual increase of νwithN. Finally, for
long chain systems, where the chain end concentration
vanishes, ν approaches an asymptotic value. The effect
becomes smaller if a shorter sequence is associated with a
bead, and it is a source of underestimation of Cn. This

underestimation, however, becomes negligible for very long
chains.

Interestingly, a gradual increase of ν with chain length is
the behavior expected of a real polymer melt.21 There,
however, F and ν increase in the same manner until they
reach an asymptotic long chain value, characteristic of the
material. For example, as shown in Figure 1b, a hyperbolic
fit of the form

ν ¼ ν¥
1þ R=N

ð4Þ

which can accurately fit density21 data in real polymers,
provides a good fit to the ν data. ν¥ denotes the contour
length density at infinite N, while R is a dimensionless
constant describing the rate at which ν increases with N.
The best fit values are ν¥=2.00 nm-2, and R=1.15. In real
polymers, the hyperbolic dependence is due to the excess
exluded volume30 associated with chain ends in comparison
to interior segments, which, for short chain systems leads to a
smaller density. Here, while the density is constant, the same
N-dependence can describe ν data because the increase of ν
with N is again a chain-end effect, but for different reasons.

A decreasing chain end concentration, besides affecting
the density of the system, plays a crucial role in entanglement
formation. For example, Kavassalis and Noolandi31,32 have
emphasized how chain “tail” concentration affects the onset
of entanglements, in a context which leads to the packing
length concept.25 We conclude this section by pointing out
that the displayedN-dependence of ν is a desirable feature of
studies related with the onset of entanglements and, though
introduced artificially in our simulations, is qualitatively
correct.

3.3. Chain Overlap.As chain length increases, chains start
to penetrate the pervaded volume of each other, a process
which eventually leads to formation of entanglements and
complex rheological behavior. A measure of the degree of
chain overlap is the ratio of the mean chain size, to the mean
distance between centers of mass of chains, l = Vch

1/3,

f ¼ Rg

l
¼ Rg

6p

� �1=3

ð5Þ

which can also be expressed through the packing length.
Another measure of overlap, which is often used in the
literature, is the ratio ng of the total contour length in the
pervaded volume of a chain, to the average chain contour
length in the same volume, L. A definition or calculation of
the average pervaded volume is difficult,28 and in general it is
considered22 to be proportional to Rg

3, with a prefactor of
order one. Such an estimation suffices for qualitative argu-
ments. Thus, ng can be written as

ng �
νRg

3

L
¼ Rg

3

Vch

 !
¼ Rg

6p
¼ f 3 ð6Þ

and, as we see, is proportional to the third power of f. Note
that ng can also be viewed as the average number of chains in
the pervaded volume of a chain.28Within this view, ng counts
the number of whole chains sharing the pervaded volume. In
reality, small parts of many chains are within each chain’s
pervaded volume, and ng counts these parts as if they were
connected into chains of N beads.28

Ideally, chain interpenetration starts at f= 1 and increases
continuously with N. However, overlap initiation does not
necessarily mean the onset of entanglements, which is ex-
pected for a sufficient degree of overlap. Additionally, both

Figure 1. Characteristic ratio CN (a), contour length density ν (b), and
reduced degree of overlap (c) of systems studied. The dashed lines are
fits to the data.The solid line is an analytic expressionbasedon the fits in
parts a and b. See text for an explanation.
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Rg, l, and therefore their ratio, follow some distribution.
Thus, microscopically, interpenetration will not start at
exactly f = 1. Also, it will not be uniform (present for all
chains and to the same degree) when entanglement starts,
and before chains become sufficiently long. Moreover, for a
dense polymer melt, f cannot take values much smaller than
one, as it can in a solution. Actually, even for very short,
unentangled chain systems, it is expected that f = 1.

By inspecting Table 2, we see that our systems start from a
regime where f= 1. Then, asN increases, the degree of chain
overlap increases with a rate determined byN-dependence of
Rg and p, i.e., by the N -dependence of CN and ν. When the
latter approach their asymptotic values, beyond, N J 20, f
increases like f � N1/6, a scaling law expected for long chain
systems. In Figure 1, where we plot f/N1/6, the developing
plateau illustrates this behavior. A similar plateau is ob-
served for ng/N

1/2 (not presented). The solid line in Figure 1c
is a plot of a corresponding analytic form for f/N1/6, based on
the approximate analytic expressions ofCN and ν used in the
fits of Figure 1a, Figure 1b. The parametersC¥, A, ν¥, andR,
used in the plot were presented in previous sections.

The features of increasing stiffness and density, which
gradually attain an N-independent value, are normally en-
countered in all flexible polymer melts. As chain length
increases, these features give rise to a crossover in the way
chains interpenetrate each other. Initially, chain overlap
develops with an N-rate controlled by the variation of CN

and ν. In this regime, the rate of increase of chain overlap is
chemistry dependent. Then, chain overlap proceeds with a
universal rate, f � N1/6.

3.4. Topological Analysis.DPD trajectories were subjected
to topological analysis by using theCReTA11 algorithm. For
eachN, we have analyzed half of the frames of Table 1, which
were chosen to be equally spaced in time. All averages in this
section are over these frames.

CReTA is a geometric coarse-graining algorithm, which
reduces a dense system of polymer chains to the correspond-
ing system of primitive paths (PPs). The latter are con-
structed as shortest paths,2 which are under the same
‘topological constraints’ (TCs) as the original chains. Oper-
ationally, chain ends are fixed in space, and by prohibiting
chain crossing, the contour lengths of all chains are simulta-
neously minimized (shrunk), until they become sets of recti-
linear strands coming together at the nodal points of a
network. The nodal points are the TCs generated by chain
uncrossability.11

In the case of a system where all chains are free of TCs,
CReTA reduces them to straight lines (rods).As the algorithm
proceeds, in order to facilitate contour reduction through the
removal of unentangled loops, chain thickness is progressively
reduced toward a zero value. The final thickness used for
acquiring the results below was 0.6 Å. Explanatory videos of
thewhole process can be found in the Supporting Information
of ref 11, and in ref 33. For other details, similar approaches,
and a comparison between them see refs 9-12, 34, and 35.

On the basis of the tube model, the tube diameter, d, and
the entanglementmolecular weight,Ne (measured in number
of beads here), correspond to the length and the mass of the
Kuhn segment of the primitive path. They characterize the
smallest length scale where PPs are viewed as entropic
strands.2 We estimate these quantities from

d ¼ R2

Lpp
, Ne ¼ N

R2

Lpp
2

ð7Þ

whereLpp is the average PP contour length. d andNe reflect a
length scale defined by the underlying system topology.

From the above relations, they can be defined for unentangled
systems too, as long as Lpp can be defined for short chain
systems. This issue will be discussed in the next section. The
above equations correspond to the “Graessley/Fetters” defi-
nition of Ne, as it has been discussed in ref 36. Lpp

2/R2

corresponds to the number ofKuhn (tube) segments of thePP.
In the following sections we will also use the symbol~Ne in

order to express a PPKuhn segment as a number of bonds of
the coarse-grained chain. Since,

~Ne
¼ ðN-1Þ R2

Lpp
2
¼ 1-

1

N

� �
Ne ð8Þ

numerically,~NefNe whenNf¥, though in different units.
In Table 3, we summarize some results from our analysis.

δ= (L- Lpp)/N, denotes the average amount of chain slack
per bead, which is consumed by the contour reduction
operation applied by CReTA (see Figure 2). nt is the number
of entanglement strands (PPKuhn segments) in a cubed tube
diameter,

nt ¼ d3 Nch

V

N

Ne
¼ d

p
ð9Þ

which is expressed very simply through the packing length.
Lin37 proposed this number as a fundamental aspect of
topological universality in polymer viscoelasticity. For flexi-
ble polymers it has a universal value nt = 20.6 ( 8%.25 Our

Table 3. Topological Measures of Systems Studied
a

N d (Å) Ne(N) nt δ (Å) d/R Pch NTC NTC*

6 34.02 5.75 11.22 4.22 0.98 0.67 3.00 1.82
8 38.10 6.70 13.53 4.93 0.91 0.82 3.14 2.20

10 41.33 7.48 15.52 5.37 0.86 0.89 3.30 2.56
12 43.30 7.95 16.79 5.64 0.81 0.94 3.37 2.75
15 45.42 8.55 18.04 5.96 0.75 0.97 3.52 3.07
20 48.17 9.24 19.89 6.25 0.68 0.99 3.65 3.38
30 50.27 9.82 21.29 6.54 0.57 1.00 3.76 3.66
40 50.37 9.99 21.08 6.71 0.50 1.00 3.85 3.81

a See text for an explanation.

Figure 2. Schematic representation of short chain PPs (dashed lines) in
2D. After contour shrinking of all chains, with chain ends fixed, two of
the chains are constrained, i.e., restricted by shortest paths of other
chains (not shown), with local conformations perpendicular to the
plane. The circles denote binary TCs. The PP of the unconstrained chain
is a straight line (a thin rod). The length difference of solid and dashed
lines, divided by N, is the chain slack per bead δ. Note that PP end
strands, like ab, bc, contribute to both averages, NTC, NTC* , (see text).
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estimation for the long chain systems (N=30, 40) is nt∼ 21.
The extremely good agreement with the universal number is
a coincidence.

Ne can be estimated from the long chain systems. We find
thatNe= 10 beads, corresponding to 200methylene units. In
order to compare with PE, we can use the scaling relation
Me� Fp3.We have to take into account that the density of our
systems is that of PE, and that the estimated characteristic
ratios Cn are smaller than C¥

PE of real (atomistic) PE (due to
the SRP, see section 2). By scaling p of the N = 40 system
through a stiffness factor Cn/C¥

PE, we get a scaled packing
length p0 = pCn/8 = 1.60 Å, which is very close to 1.65 Å, a
value characteristic22 of PE. Additionally, by scaling our Ne

estimation through a factor (p0/p)3 we get a corresponding
PE value of Ne = 60 methyl units. The latter is in good
agreement with experimental estimates (Ne = 61.4) based
on plateau modulus measurements,22 and with values ob-
tained11 by a similar methodology applied to atomistic PE
(Ne = 74.2).

3.5. Topological Constraints. Within CReTA, TCs are
resolved to specific beads along PP contours, at places where
shortest paths restrict each other from further contour
reduction.11 For each chain, a series of strands connecting
chain ends and TCs forms the corresponding PP. Here, in
order to avoid confusion with the established sense of
entanglement, chains with their corresponding shortest path
being a straight line (just one strand connecting chain ends)
are characterized as unconstrained. On the other hand, chains
which are subject to TCs have shortest paths which are not
straight lines.11 These are characterized as (topologically)
constrained (see Figure 2). We avoid to characterize con-
strained chains as “entangled”, since, as we will show in next
sections and in part II,3 TCs exist (microscopically) even for
systems which are dynamically unentangled.

In short chain systems a part of the system consists of
unconstrained chains, while the rest of the system
(constrained chains), generates a percolated network (at
the level of PPs). Percolation in a system of thin rods
(unconstrained chains) can be driven by a small concentra-
tion of TCs. However, the appearance of TCs (in a system of
unconstrained chains) as chain length increases, is not re-
lated with a state where PPs differ substantially from thin
rod-like objects. In this regime, on the average, the network
part of the PP system is generated by mildly deformed rods.
Moreover, TCs cannot promote reptation and can be con-
sidered as short-lived interchain contacts. As it will become
clear in next sections and in part II,3 it is our static approach,
based on chain shrinking and shortest paths, which in this
regime “freezes” interchain contacts in a form of a network
of TCs.

Regarding the number of chains involved in a TC, here, we
consider all TCs as binary (like a slip-link which constrains
two chains). In reality, we find that in long chain systems
∼ 3%-5% are ternary (a link constrains three chains). The
length scale defined by TCs is the average length between
successive TCs along a chain. This is also the average length
of a network edge. In Table 3 we provide two estimations of
this length scale, both measured in number of beads. NTC* is
an averagewhich takes into account only constrained chains,
while NTC is an average over all chains (see Figure 2).
Unconstrained chains contribute to NTC as strands with N
beads. Note that in ref 11,NTC is denoted asNES. In the case
of a system where all chains are unconstrained, NTC = N,
and NTC* = 0. For a fully constrained system, NTC = NTC* ,
while NTC 6¼ NTC* for systems with both constrained and
unconstrained chains. By comparing NTC* with NTC we can
follow the development of uniformity and integrity of the

underlying network, as chain length increases (see next
section).

The fraction of “constrained” chains is denoted by Pch.
The length scale defined by NTC is shorter than Ne. Orienta-
tional correlations11 between successive steps of the PP (of
average lengthNTC), make the PPKuhn segment larger than
the step-length of the PP. For this reason, an entanglement in
the sense defined by the tube model is associated with more
than one successive TCs along a chain.11,12 This is similar to
the relation between the Kuhn segment and the bond length
of a real chain.

3.6. Onset of a Long Chain Topology. In this section. we
discuss, from a topological and static point of view, the
transition from unconstrained to fully constrained chains (in
the sense defined in the previous section), as chain length
increases. In Figure 3we present, d,Ne, nt, and δ, as functions
of N. All quantities increase monotonically and approach
chain length independent values. For d and Ne, this feature
has been observed in all previous studies based on the
reduction of polymer chains to PPs.12,38-41 From eq 7, we
see that the gradual increase of these topological measures is
controlled by theN-dependence of R2, Lpp. The variation of
Lpp/N with N is shown in Figure 3a. It decays and ap-
proaches a chain length independent value. An analytic form
forLpp with similar behaviorwas recently deduced18 within a
slip-link model context.

The observed trends boil down to the N-dependence of
CN and ν, presented in Figure 1. As N increases, the stiff-
ness increases and the mean spacing between chain con-
tours, w= ν-1/2, decreases. These quantities determine how
chains are packed and intertwined in 3D space, and thus the
amount of chain slack per bead, δ. The latter becomes
independent of chain length (see Figure 3), when CN and
ν finally approach their asymptotic values. From then on, the
underlying topology is fixed (in the statistical sense11). This
behavior is clearly seen in Figure 3, though the asymptotic
regime extends in longer chain lengths, as will become clear
in next section.

Figure 3. Estimations of the PP length per bead Lpp/N (a), tube
diameter d (b), the entanglement length Ne (c), the number of entan-
glement segments per cubed tube diameter nt (d), and the chain slack
per bead δ (e) from topological analysis. The dashed line is a guide
for the eye.
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Qualitatively, the variation of Lpp with N can be under-
stood as follows. In short chain systems, chains are free of
TCs and CReTA reduces them to approximately straight
lines (rods), i.e., Lpp~-R � ðCNNÞ1=2. Thus, Lpp is propor-
tional19 to the end-to-end distance, and therefore, eq 7 leads
to d = R, Ne = N. Within this view, PPs for unconstrained
chains are considered as thin rods which connect chain ends.
In long chain systems, the presence of a constant density of
TCs makes Lpp � N, and therefore, from eq 7, d and Ne

become independent of chain length. In between, the density
of TCs changes, resulting in the N dependence of Lpp, and
therefore of d and Ne, which are topological measures
reflecting these changes. Note that, conceptually, Ne cannot
be defined for unentangled systems. Here, it is treated as a
length scale defined by eq 7. This issue is analyzed in the next
section.

We note that in our data chain overlap f is still small for the
system with N = 6, where also Ne = N, i.e., Lpp ∼ R. How-
ever, systems with very short chains of N < 6 would be
needed in order to observe the full Lpp � (CNN)1/2 depen-
dence for unentangled chains.

In Figure 4, we presentPch,NTC, andNTC* , which can shed
some light on the way chains interpenetrate at a microscopic
level. Pch for short chain systems is quite large (see Table 3).
The proportion of constrained chains starts from 67% for
N = 6 and grows to 100% as N increases. Tube model
theories suggest that a short chain system would be free of
TCs, since by increasing chain length initially the system will
not follow reptation dynamics. Microscopically, however, a
degree of chain interpenetration definitely exists.

From Table 2 we see that for these systems, f = 1. Chain
length N is at the regime where chains just start to overlap.
This is verified from the fact that for N = 6, d/R = 1, and
Ne = N, which means that shortest paths are not very far
from displaying rod-like conformations. At the same time,
the chain slack per bead δ ismuch smaller than for long chain
systems, and less “shrinking” of chains is needed to reveal the
TCs. We expect that in this regime TCs are also dynamically
different from those in long chain systems. For unentangled
systems, some chains could experience the effect of overlap as
short-lived TCs, which act as interchain contour contacts.

More evidence about this conjecture will appear in part II.3

We will show that kinetic constraints revealed by Rouse-
mode analysis of unentangled systems act at approximately
the same length scales as the TCs revealed here.

The picture we envisage is that, asN increases, TCs appear
initially at some parts (chains) of the system, and at N J 20,
where NTC = NTC* , the system approaches asymptotically a
topologically ‘homogeneous and invariant’ regime. Homo-
geneous, in the sense that almost all chains are constrained
(NTC = NTC* ), and invariant, in the sense that topological
measures do not change significantly with increasingN. The
onset of this topology is achieved when CN and ν approach
N-independent values. Under the same conditions, chain
overlap is led to a scaling of the form f � N1/6, which is
expected for long chain systems. In the latter, reptation will
probably be promoted by TCs which become long-lived.

A paradox suggested by our results is that Ne is a length
scale which increases when p decreases, from the short to the
long chain systems. The scaling Me� Fp3 implies the oppo-
site. However, this scaling is associated with Me variations
due to different chemistry of fully entangled systems. It
cannot relate the packing length of short chain systems to
Me, and is extracted from plateau modulus measurements of
systems far away from the N-regime where the onset of
entanglements takes place. A model for the onset which
leads to an Ne that starts from a large value, greater than
the chain length, which then decays to an asymptotic value as
N increases, is that of Kavassalis and Noolandi.31,32 In this
model the onset is related with a diminishing chain end
concentration. Our approach is closer to the work of
Doi,19 where the onset is associated with the change of
scaling of the primitive path from Lpp � N1/2, to Lpp � N
(see next sections). Chain end concentration is implicitly
taken into account by the N-variation of Lpp. The paradox
(discussed in the Appendix) boils down to the fact that chain
slack is smaller for short chain systems under TCs.

Interestingly, even in the absence of TCs, when all PPs
are rods (fully unconstrained system, phantom chains), the
chain slack per bond is still smaller for a short chain system.
For example, for a freely jointed chain of Nfj segments
and step length bfj,

δ ¼ L-R

Nfj
¼ bfj 1-

1ffiffiffiffiffiffi
Nfj

p
 !

ð10Þ

SmallNfj leads to small δ, because R/L �Nfj
-1/2. AsNfj f ¥,

the end-to-end distance becomes negligible compared to the
contour length, and δ f bfj, an unphysically large value. In
the presence of TCs, however, PPs become random walks,
and then δ levels off to a value smaller than bfj,

δ ¼ L-Lpp

Nfj
¼ bfj 1-

1ffiffiffiffiffiffi
Ne

p
� �

ð11Þ

which is determined by Ne. In the last equation, Ne is
expressed in units of freely jointed segments.

3.7. From Rods to Random Walks. PPs here are defined
as shortest paths. The latter do not have any intrinsic
stiffness, like real chains. Their conformational charac-
teristics are defined by the underlying system topology. In
the absence of microscopic TCs, the shrinking proce-
dure leads to shortest paths which resemble thin ‘rod-
like’ objects. In a highly entangled melt, uncrossability
constraints lead to zigzag shaped shortest paths with
random walk (RW) statistics.11 This regime is reached
asymptotically by PPs, in a manner similar to the way real

Figure 4. Estimations of the proportion of chainswhich are constrained
Pch (a), and of the length scale defined byTCsNTC,NTC* (b). See text for
an explanation. We note that in ref 11, NTC is denoted as NES.
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chains acquire random walk conformations with increas-
ing chain length.20

The above limiting behaviors and length scales are cap-
tured very well by relations 7. In these equations, Ne defines
the smallest length scale where chains can be described as
entropic strands, due to the presence of conformational
restrictions brought about byTCs. The system enters asymp-
totically a regime where it can support entropic elasticity
when Ne(N) < N. For rods, Lpp = R, and since R2/N is
proportional to CN, when real chains follow RW statistics,
Lpp� (CNN)1/2. In this case conformations are solely restricted
by chain ends, and Ne(N) = N. Chains are described as
(independent) entropic strands at the level of the whole chain.

In the limit of long chains, shortest paths become random
walks, with a fixed average step length, when R � N1/2, and
Lpp � N. Then, eq 7 leads to Ne(N) f Ne(¥) < N. Between
these limiting behaviors, the PP Kuhn segment increases
asymptotically and alters the N dependence of Lpp(N). For
real chains, this effect is captured by theN-dependence of the
characteristic ratio. For shortest paths, it is displayed by d(N)
in Figure 3. In this intermediate chain length regime, PPs
generate an underlying interpenetrating network, but PP
conformations have not yet reached the asymptotic regime
where they become N-independent.

We also note that, by construction, PPs are described by a
smaller number of Kuhn segments than the corresponding
real chains. Thus, the asymptotic regime of PPs (constant d)
is shifted to longer chain lengths than the asymptotic regime
of real chains (chain length where CN = C¥). This shift is
expected to be chemistry dependent. Thus, while in the melt
real chains may be of sufficient length so that the system is in
the asymptotic regime, the coarse grained system of PPs
could be in a state where PPs are not yet in their correspond-
ing asymptotic regime.

An approximate view on the crossover regime of Lpp is
attempted below. In order to estimate the asymptotic behavior
of Lpp, in Figure 5a we plot chain slack reduced by the number
of bonds per chain x=N- 1; i.e., δ= (L- Lpp)/x. Since for
N=6wefoundd/R=1, forN<6oursystemis in the“rod-like”
regime. Therefore, we enlarge our data set by adding data for
N = 3,4,5, shown with open squares, where the PP length is
approximatedasLpp ¼ R ¼ ½xCNðxÞ�1=2lcgCNðxÞ is calculated
by using the fit presented in Figure 1a. The data have been fitted
by equation,

δ ¼ δ¥-
βffiffiffi
x

p -
γ

x
ð12Þ

where δ¥, β, and γ are fitting constants. The fit, with δ¥ =
7.46 Å, is shownwith a solid line in Figure 5a. SinceL= xlcg,
the corresponding expression for Lpp is

Lpp ¼ γþ β
ffiffiffi
x

p þ ðlcg- δ¥Þx ð13Þ
where the second and third term match the rod and RW
regime, correspondingly. In principle,Lpp(x) could probably
be expressed as a function ofCN(x) and ν(x), but we were not
able to identify it. An analytic expression for Lpp(x) in the
context of slip-link models was given recently in ref 18, and
for Gaussian chains by Doi.19

A log-logplot of the reducedLppquantityLpp=ðx½CNðxÞ�1=2Þ
is presented in Figure 5b. This quantity eliminates the CN(x)
dependence ofLpp(x), especially in the rod regime, so that the
crossover from rods to random walks can be estimated from
the intersection of the asymptotes shown in the plot. The
open squares are the added data in the rod regime, and the
dashed line is a linear fit to these data, with a slope of -0.5

(by construction). The solid line was generated by using the
expression for Lpp(x) and the fit function for CN(x). At very
short chain lengths the curve deviates from the asymptote
due to the approximate form of Lpp(x). The dotted line
denotes the asymptote at x f ¥, where

LppðxÞ
x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
CNðxÞ

p f
lcg-δ¥ffiffiffiffiffiffiffi

C¥
p ð14Þ

The inset in Figure 5b presents the same crossover as it
appears when plotting~Ne(x). The solid line denotes

~Ne
ðxÞ ¼ lcg

2 x
2CNðxÞ
Lpp

2ðxÞ ð15Þ

and the dashed line denotes the line~Ne(x)=x, which corres-
ponds to Ne(N) = N. The dotted line is the asymp-
tote atxf¥, where~Ne(x)fNe(N), so that the intersection is at

Neð¥Þ f lcg
2C¥

ðlcg-δ¥Þ2
~-12:6 ð16Þ

In both plots of Figure 5b, the intersection is located
(by construction) at the same crossover value Ne(¥) =
12.6. In the scheme we have described above, as chain

Figure 5. Semilog plot of chain slack per bond δ, (a), and log-log plot
of reduced PP length Lpp/(x

√
CN) (b). Squares denote additional data

for the “rod regime” of PPs. The solid lines are fits of eqs 12 and 13. The
dashed line shows the asymptote for the rod regime of PPs, (with a slope
of-0.5), and the dotted line shows the asymptote at xf¥, (zero slope).
The inset shows~Ne of eqs 8 and 15. The lines in the inset have similar
meaning as in part b. The corresponding slopes of the asymptotes are
one, and zero. See text for an explanation.
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length increases the underlying topology leads to a gra-
dual transformation of shortest path conformations
from rods to RWs. Within this scheme, the entangle-
ment molecular weight, Ne(¥), is interpreted as the cross-
over chain length. Our basic assumption is that for N<6
the PP conformations are rod-like, and that in this regime
Lpp=R. It is also evident that our systems fall into the cross-
over regime of the underlying topology. Figure 5 shows that
the asymptotic regime is reached at much longer chain
lengths.

We note that, throughout the analysis we have assumed
that in the rod regime ÆLppæ= ÆRæ = R, where R is the root-
mean square of the end-to-end distance. For Gaussian
chains, ÆRæ = (8/3π)1/2R = 0.92R. For simplicity, this issue
was not considered in our analysis, though, short chains are
not necessarily Gaussian.

3.8. Dynamics and Rheology. In the context of Gaussian
chains and reptation dynamics, Doi has shown19 that by
increasing the concentration of fixed obstacles in the
reptation model, the N dependence of the mean PP length
changes continuously from Lpp � N1/2, for low concen-
tration, to Lpp � N, for large concentration. At the same
time, the chain self-diffusion constant, DCM, and the
relaxation time of the end-to-end vector, τ, were shown to
scale as

DCM �Lpp
-2, τ �NðLppÞ2 ð17Þ

Thus, chain dynamics change continuously fromRouse-type
where

DCM �N-1, τ �N2 ð18Þ

to de Gennes-type where

DCM �N-2, τ �N3 ð19Þ

as the concentration of obstacles increases, and this change is
ascribed to a continuous change of theN-dependence ofLpp.

In our case, in the rod regime Lpp� (CN(x)x)
1/2, and in the

RW regime Lpp � x, where x is the number of bonds. In the
rod regime Lpp = R, and thus Lpp is independent of contour
length density. In order to map the rod to RW transition of
PP conformations, to the Rouse to reptation crossover in
dynamics, we have to eliminate from Lpp(x) the stiffness
dependence in the rod regime, and thus we workwithLpp/(CN-
(x))1/2. In the same manner, the crossover in the previous
section was determined by plotting LppðxÞ=ð½CNðxÞ�1=2xÞ
The contour length density (or chain end concentration)
dependence of Lpp(x) is buried in eq 13. In the RW regime
there is no dependence of Lpp(x) onCN(x) or the density, since
both become constant for large x.

Thus, within our scheme, the corresponding scaling ex-
pressions based on Doi’s work are

DCM �
LppðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
CNðxÞ

p
 !-2

, τ � x
LppðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
CNðxÞ

p
 !2

ð20Þ

In order to get a corresponding expression for the viscos-
ity, we work as follows. In general, η � G(τ)τ, where G(τ) is
the relaxation modulus and τ is the relaxation time of the
end-to-end vector. For the plateau modulus G we have

G�
FNAkBT

Me
�

1

NeðNÞ ð21Þ

Within our model, in the rod regimeNe(N) =N and τ �N2.
This leads to Rouse-type scalings for G and η,

G�
1

N
, η�N ð22Þ

In the RW regime of PPs, since the modulus is constant
(Ne(N) is constant), and τ � N3, we find the reptation-type
scaling, η � N3. Thus, since

Ne �
xR2ðxÞ
Lpp

2ðxÞ �
x2CNðxÞ
Lpp

2ðxÞ ð23Þ

the x, Lpp(x), CN(x) dependence of G, can be written as

G�
1

NeðxÞ �
1

x2
LppðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
CNðxÞ

p
 !2

ð24Þ

and then we have for η

η�Gτ �
1

x

LppðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
CNðxÞ

p
 !4

ð25Þ

The above relation leads to η � x in the rod regime, and
η � x3, in the RW regime of PPs. The dynamical crossover
given by relations 20 and 25 will be compared against
dynamical data of DCM, τ, η, in part II.3

In the scaling scheme above and in the Doi-Edwards
theory,2 based on the reptation process alone, the viscosity in
the entanglement regime is proportional to N3 rather than
N3.4 as observed25 experimentally. Constraint release (CR)
and contour length fluctuations (CLF) are considered as the
additional relaxation processes which are responsible for the
onset of the viscosity N3.4 dependence. When introducing
these processes into tube model theories, strict reptation is
achieved at a reptational molecular weight Mr, much larger
than Mc, in agreement with rheological observations.24,42

Moreover, it has been proposed that the ratio Mc/Me is
influenced24 by CLF and CR. A common belief, which
however is not valid,24,43 is that the ratio takes a universal
value close to two. In fact, Fetters et al.24 have shown that
Mc/Me depends on the packing length, and as the latter
increases the ratio decreases and approaches unity when p ∼
9-10 Å. Extrapolation of experimental data24 suggests that at
this packing length,Me =Mc =Mr, so that for chain lengths
larger thanMe, the system follows strict reptation and the onset
is associated with a scaling law of η �M3. The equality ofMe,
Mc, Mr has been attributed to the relative strength of CLF,
which is suppressed24,25,42 for a large packing length.

It would be interesting to examine Mc/Me as determined
here by statics. The transition from Rouse-type to strict
reptation dynamics is driven by the Lpp(x) crossover pre-
sented in the previous section. Thus, the asymptotic chain
length estimation for the dynamical/rheological crossover of
DCM, τ, η, is Ne(¥), the prediction for the rod to RW
transition of PP conformations. Therefore, since Mc is
provided by the η crossover, our scaling scheme leads always
to anMc/Me ratio of 1. This prediction is independent of the
N-variation of CN, ν, and of the packing length, (which both
affect the crossover regime and Me). Nevertheless, the esti-
mated ratio is in agreement with the fact that CLF correc-
tions have been suppressed in the analysis, and that the
scaling scheme for the rod to RW transition of PPs leads
directly to strict reptation, a dynamical transition which
experimentally appears for very large packing lengths, where
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Mc/Me approaches one. At this stage, it is unclear whether
(packing length dependent) CLF corrections could lead to a
crossover involving a N3.4 power law in viscosity, (which
becomes N3 for very long chains), and a packing length
dependent ratio larger than one. Such a scheme would be of
great importance, sinceMc andMe could be estimated from
shortest paths and their fluctuations.

3.9.OneEntanglement perChain. In order to examine topo-
logically when all chains have at least one entanglement, we
define the average number of entanglements per chain, Z, as

Z ¼ N

NeðNÞ -1 ¼ x

~Ne
ðxÞ -1 ¼ Lpp

2ðxÞ
R2ðxÞ -1 ð26Þ

so that in the rod regime of PPs, Z = 0. x = N - 1 denotes
the number of chain bonds. With this definition, when Z =
1, we have always N= 2Ne(N), or x= 2~Ne(x). In our data,
this happens when 15 < N < 20. In addition, when Z = 1,
Lpp = 21/22R, and d = 071R. Figure 6a presents Z(x) in
semilog coordinates. As previously, our data set was en-
hanced by adding data forN=3, 4, and 5. BelowN=6, our
system is in the rod regime, so that Ne(N) = N and Z = 0.
Additional data are shown with open squares. We see thatZ
becomes linear with N gradually, at long chain lengths.

The solid line denotes eq 26, where Lpp(x) and CN(x) have
been calculated as in Figure 5b. The intersection of the
dashed-dot line (denoting Z = 1) with the solid line defines
NZ1, the chain length where the PP consists of at least two
Kuhn segments, i.e., Lpp(x) = 2d(x). At the intersection x=
16.5 and thus N = NZ1 ∼ 17.5 and Ne(N) = 8.75. The
condition Z = 1 does not necessarily lead to the onset of
entangled rheological behavior, and thus NZ1 does not
correspond to Mc.

The dashed line in Figure 6a denotes the asymptote atZ=
0, and the dotted line denotes the asymptote at xf¥, where
Z is linear with N. That is,

Z f
ðlcg-δ¥Þ2
C¥l2cg

x-1 ¼ x

Neð¥Þ -1 ð27Þ

From eq 27, for Z=0, the intersection of the asymptotes in
Figure 6a, similarly to Figure 5b, is at x=Ne(¥)= 12.6. The
intersection of line Z = 1 with the asymptote at xf¥ is, by
construction, at x = 2Ne(¥) = 25.2. In Figure 6b we show
the crossover in a Z-plot, as it appears in log-log coordi-
nates. The length scales estimated here for NZ1 can be
compared with global dynamics length scales in part II.3

An interesting issue is that, if entanglements are binary
slip-links,13-18 then geometrically Z = 1 cannot lead to a
percolated network at the length scale of Ne(N). Percolation
would occur for a Z between one and two. Otherwise, all
chains would be linked into separate pairs, without the
presence of an underlying network generated by binary links.
Thus, assuming that the onset of entangled dynamics pre-
supposes a percolated network of links, the simple notion
Mc= 2Me, (orZ=1), leads naturally to a number of TCs or
links per chain which is larger than the number of entangle-
ments per chain, so that percolation can occur. This is
meaningful since entanglements are mean field objects. For
example, within our data, when Z = 1, we find NZ1/NTC =
4.8, and thus the number of TCs per chain ZTC = 3.8.
Packing length ideas also suggest that an entanglement is
associated “with enough different chains getting into the
same room together”.24,25,42,44 Thus, from statics alone,
while most TCs in our model involve two chains and they
are binary, at the length scale ofNe our microscopic analysis
suggests that an entanglement is not binary.

3.10. Summary. It hasbeenpointed26,27,45 out, that there are
two independent length scales in the entanglement problem.
The Kuhn length, controlled by chain stiffness (e.g., the
characteristic ratio), and the average distance between chain
contours, controlled by density. In long chain polymer
melts, the variation of these quantities between different
species signifies changes in the degree of entanglement.26

As discussed27 by Colby et al., the presence of two indepen-
dent length scales requires some conjecture about entangle-
ments in order for scaling models to provide an answer
(about the degree of entanglement between different species).
Therefore, differentmodels27,43,46make different predictions
according to the chosen conjecture. The packing length
model is based on a conjecture that leads to a very good
correlation with polymer melt data. An overlooked point,
related with the onset of entanglements, is that the stiffness
and the density of any flexible polymer increase asymptoti-
cally as chain length increases.

For this reason, we have examined how the variation of
these quantities, (which were treated here as varying length
scales), leads to variations in the topology of a polymer melt
and eventually to the onset of entanglements. We have
shown that increasing chain length leads to increasing chain
overlap, which is obvious, but at a rate which is smaller than
in the asymptotic regime of long chains, where the rate is
constant. This behavior is due to the asymptotic increase of
stiffness and density with chain length, and leads to a cross-
over in the way chains interpenetrate each other.

Figure 6. Number of entanglements per chainZ in semilog coordinates
(a) and in log-log coordinates (b). Symbols as in previous figure. The
dot-dashed line denotesZ=1, the dashed line denotes the asymptote at
Z = 0, the solid line denotes eq 26, and the dotted line denotes the
asymptote atxf¥, given by eq 27. In the rod regime (whereZ=0), the
dotted line in part b crosses the x-axis at Ne(¥), with an infinite slope.
See text for an explanation.
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Then, we have applied the CReTA algorithm11 in order to
reduce the melt systems to corresponding systems of primi-
tive paths (PPs). This way, long chain systems are reduced to
a network of interpenetrating shortest paths, generated by
topological constraints (TCs). By probing the length scales
related with the TCs we have shown that, as chain length
increases, the underlying topology evolves toward a “homo-
geneous and invariant” regime. Homogeneous, in the sense
that all chains are under the influence of TCs, and invariant
in the sense that topologicalmeasures, such as the step lengthof
PPs, do not change significantly with increasing chain length.
Moreover, the contradiction related to the fact that TCs
exist even for short chain systems (which are dynamically
unentangled), a common finding in all recent static studies
of PPs,38-41 was explained qualitatively and quantitatively.

The onset of a long chain topology was then described in
terms of a simple scaling model, inspired from an earlier
work of Doi.19 The model considers that the variation of PP
length is due to a continuous transformation of PP conforma-
tions from thin rod-like objects (for short chains), to random
walks (for long chains). The entanglement molecular weight is
interpreted as the crossover length of this transformation.

Then we have associated the crossover in PP confor-
mations with a crossover in dynamics and rheology. Our
model does not consider contour length fluctuations
(CLF) and it leads to a continuous transition of dynamics
from Rouse-type to strict-reptation. It predicts an Mc/Me

ratio of one, admittedly small, but compatible with the
suppression of CLF, and the fact that it is packing length
independent.24,25,42 In part II,3 the static length scales de-
duced here are compared with dynamic length scales de-
duced from a Rouse mode analysis. We also compare the
dynamical and rheological crossover deduced by the varia-
tion of PP lengthwith the diffusion coefficient, the relaxation
time of the end-to-end vector, and the viscosity of our
systems. The agreement in the location of the crossover
regime, by completely independent methods, i.e., statics
and dynamics, is very good.
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Appendix: Chain Slack Paradox

In a melt of RW-like chains, the chain slack per bond, δ, is
smaller for a short, than a long chain system (see Figure 3d,
Figure 5a). Correspondingly, the TC density is larger in the short
chain regime than in the long chain asymptotic limit.

However, in the small-N regime, CN and ν get smaller (see
Figure 1), and then, packing length ideas suggest the opposite
δ behavior. Namely, for entangled systems,22,23,25 the more
flexible the chains and the larger the distance between chain
contours (thicker chains), the smaller the number of other chains
penetrating the pervaded volume of a test chain. This leads to
larger chain slack (larger Me). The opposite behavior, revealed
here for short systems, is due to chain ends again. CReTA
constructs PPs as shortest paths by holding chain ends fixed2,11

and shrinking simultaneously all chain contours. Thus, chain
sections emanating from chain ends act as fixed obstacles to
further shrinking of other chains. This way, a large chain end
concentration leads to less chain slack per bond and more TCs.
Another explanation is that short chains do not have enough

length to generate unentangled loops which increase chain slack.
We note that, by symmetry, since chain end sections act as fixed
obstacles, the majority of TCs for a short chain system will be
situated close to chain ends. Thus, in the context of tube models,
our conjecture that the TCs for short chains (revealed by
topological analysis) are short-lived and cannot promote repta-
tion is meaningful.
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